Abstract. Motivated by Amdeberhan's conjecture on (t, t + 1)-core partitions with distinct parts, various results on the numbers, the largest sizes and the average sizes of simultaneous core partitions with distinct parts were obtained by many mathematicians recently. In this paper, we derive the largest sizes of (t, mt ± 1)-core partitions with distinct parts, which verifies a generalization of Amdeberhan's conjecture. We also prove that the numbers of such partitions with the largest sizes are at most 2.
Introduction
Recall that a partition is a finite weakly decreasing sequence of positive integers λ = (λ 1 , λ 2 , . . . , λ ℓ ) where λ i (1 ≤ i ≤ ℓ) are called the parts and 1≤i≤ℓ λ i the size of λ (see [11, 16] ). We associate a partition λ with its Young diagram, which is an array of boxes arranged in left-justified rows with λ i boxes in the i-th row. For the (i, j)-box in the i-th row and j-th column in the Young diagram, its hook length h(i, j) is defined to be the number of boxes directly to the right, and directly below, including the box itself. Let t be a positive integer. A partition λ is called a t-core partition if none of its hook lengths is a multiple of t. Furthermore, λ is called a (t 1 , t 2 , . . . , t m )-core partition if it is simultaneously a t 1 -core, a t 2 -core, . . ., a t m -core partition (see [1, 10] ). For example, the Young diagram and hook lengths of the partition (7, 2, 1) are given in Figure 1 . Therefore it is a (6, 8)-core partition since none of its hook lengths is divisible by 6 or 8. Simultaneous core partitions have been widely studied in the past fifteen years (see [2, 4, 7, 8, 9, 12, 14, 15, 17, 19, 20, 23] ) since Anderson's work [3] , who showed that the number of (t 1 , t 2 )-core partitions is equal to (t 1 + t 2 − 1)!/(t 1 ! t 2 !), where t 1 and t 2 are coprime to each other. Olsson and Stanton [15] proved that the largest size of (t 1 , t 2 )-core partitions is (t 2 1 − 1)(t 2 2 − 1)/24. The average size of such partitions is conjectured to be (t 1 − 1)(t 2 − 1)(t 1 + t 2 + 1)/24 by Armstrong [4] and first proved by Johnson [9] .
The problem of evaluating the number of simultaneous core partitions with distinct parts was raised by Amdeberhan [1] . He conjectured that the number of (t, t + 1)-core partitions with distinct parts is equal to the (t + 1)-th Fibonacci number. Amdeberhan also made several conjectures concerning the largest size and the average size of such partitions. Amdeberhan's conjectures were proved independently by Straub [18] , Nath-Sellers [12] , Zaleski [25] , and the author [21] recently. Zaleski [25] also computed the explicit formulas for the moments of the sizes of these partitions. Straub [18] gave several conjectures on the number and the largest size of (t, t + 2)-core partitions with distinct parts, which were first proved by Yan, Qin, Jin and Zhou [22] . Later, Baek, Nam and Yu [5] gave a bijective proof for the number of such partitions. The explicit formulas for the moments of the sizes of these partitions were obtained by Zaleski and Zeilberger [24] .
Recently, Straub [18] and Nath-Sellers [13] derived closed formulas for the numbers of (t, mt − 1) and (t, mt + 1)-core partitions with distinct parts respectively. Therefore it is natural to try to find the largest sizes and average sizes of these two kinds of simultaneous core partitions. For the average size of (t, mt − 1)-core partitions with distinct parts, Zaleski conjectured explicit formulas in [26] .
In this paper, we obtain the largest sizes of (t, mt + 1) and (t, mt − 1)-core partitions with distinct parts, and determine the numbers of such partitions with the largest sizes. For simplicity, let
for any m, t ∈ N and x ∈ Z. We will prove the following result in Section 3. Theorem 1.1. Let t ≥ 2 and m ≥ 1 be two given positive integers. The largest size of (t, mt + 1)-core partitions with distinct parts is In fact, (7, 6, 5) and (6, 5, 4, 3) are the only two such partitions with the largest size 18.
It is surprising that the case for (t, mt − 1)-core partitions with distinct parts is much more complicated than (t, mt + 1)-core partition case. We obtain the following result in Section 4. Here we assume m ≥ 2 in Theorem 1.3 since m = 1 case can be implied by Theorem 1.1. Theorem 1.3. Let t ≥ 2 and m ≥ 2 be two given positive integers. Define two functions F and G as follows:
(1) When (i) t ≡ 1 (mod 2) and t > m + 1; or (ii) t ≡ 0 (mod 2) and t > 2m + 3, the largest size of (t, mt − 1)-core partitions with distinct parts is
where max(x, y) denotes the maximal number in x and y.
(2) When (iii) t ≡ 1 (mod 2) and t ≤ m + 1; or (iv) t ≡ 0 (mod 2) and t ≤ 2m + 3, the largest size of (t, mt − 1)-core partitions with distinct parts is
The number of (t, mt − 1)-core partitions with distinct parts which have the largest size is at most 2.
Then t ≡ 0 (mod 2) and t ≤ 2m + 3. Also we have {α m,t (3)} = {35/10} = 1/2. For the (8, 23 )-core partitions with distinct parts, the largest size is max(F (3), G(3)) = 72 by Theorem 1.3. In fact, we can check that (14, 13, 12, 9, 8, 7, 4, 3, 2) is the only such partition with the largest size 72.
(2) Let t = 7, m = 2. Then t ≡ 1 (mod 2) and t > m + 1. Also we have {α m,t (3)} = {24/8} = 0 < 1/2 and {α m,t (−1)} = {20/8} = 1/2. For the (7, 13)-core partitions with distinct parts, the largest size is max(F (3), G(2)) = 24 by Theorem 1.3. Actually (7, 6, 5, 3, 2, 1) and (9, 8, 4, 3) are the only two such partitions with the largest size 24.
The case m = 1 in Theorem 1.1 implies the following Amdeberhan's conjecture on the largest size of (t, t + 1)-core partitions with distinct parts. 
The β-sets of core partitions
The β-set of a partition λ = (λ 1 , λ 2 , . . . , λ ℓ ) is denoted by
In fact, β(λ) is equal to the set of hook lengths of boxes in the first column of the corresponding Young diagram of λ (see [15, 20] ). It is easy to see that a partition λ is uniquely determined by its β-set β(λ).
The following results are well-known. 
(2) (The abacus condition for t-core partitions.) A partition λ is a t-core partition if and only if for any x ∈ β(λ) with x ≥ t, we have x − t ∈ β(λ).
The following result is obvious by the definition of β-sets.
Lemma 2.2. The partition λ is a partition with distinct parts if and only if there does not exist
x, y ∈ β(λ) with x − y = 1.
An integer x ∈ β(λ) is called t-maximal in β(λ) if x + t / ∈ β(λ). For each t-core partition λ and 1 ≤ i ≤ t − 1, let n i (λ) be the number of integers x satisfying x ∈ β(λ) and x ≡ i (mod t). Then by Lemma 2.1(2) we know t(n i (λ) − 1) + i is t-maximal in β(λ) if i ∈ β(λ), and n i (λ) = 0 if i / ∈ β(λ). Furthermore,
Therefore |β(λ)| = t−1 i=1 n i (λ) and by (2.1) we obtain
Example 2.3. Let λ = (7, 2, 2). Then β(λ) = {9, 3, 2}. By Lemma 2.1 (2) we know that λ is a (6, 7)-core partition. Also, λ is not a partition with distinct parts. We can check that 3, 2 ∈ β(λ) and 3 − 2 = 1. Let t = 6. Then 9, 2 ∈ β(λ) are t-maximal in β(λ) while 3 ∈ β(λ) is not. We have n 2 (λ) = 1, n 3 (λ) = 2, and n i (λ) = 0 otherwise. In this case (2.2) holds since
3. The largest size of (t, mt + 1)-core partitions with distinct parts Let S + m,t be the set of (t, mt + 1)-core partitions with distinct parts, and C + m,t be the set of all sequences (x 1 , x 2 , . . . , x t−1 ) ∈ N t−1 with 0 ≤ x i ≤ m (1 ≤ i ≤ t − 1) and x i x i+1 = 0 (1 ≤ i ≤ t − 2). For each λ ∈ S + m,t , let ψ(λ) := (n 1 (λ), n 2 (λ), . . . , n t−1 (λ)). Proof. Let λ ∈ S + m,t . By Lemma 2.1(2) we have mt, mt + 1 / ∈ β(λ). If x ∈ β(λ) with x ≥ mt + 2, then x − mt, x − (mt + 1) ∈ β(λ) by Lemma 2.1(2). But by Lemma 2.2 this is impossible since λ is a partition with distinct parts. Then, we know that x / ∈ β(λ) and thus β(λ) must be a subset of {1, 2, . . . , mt − 1}. Therefore, 0 ≤ n i (λ) ≤ m for any 1 ≤ i ≤ t − 1. Furthermore, by Lemma 2.2 we have i and i + 1 can not be in β(λ) at the same time, which means that n i (λ)n i+1 (λ) = 0 for any 1 ≤ i ≤ t − 2. By the above arguments we have ψ(λ) ∈ C + m,t for any λ ∈ S + m,t . On the other hand, for any (x 1 , x 2 , . . . , x t−1 ) ∈ C + m,t , let λ be the partition with the β-set
Then, Lemmas 2.1(2) and 2.2 imply λ ∈ S + m,t and ψ(λ) = (x 1 , x 2 , . . . , x t−1 ). Therefore, ψ is a bijection between the sets S + m,t and C + m,t . Now we are ready to give the proof of Theorem 1.1.
Proof of Theorem 1.1. Suppose that λ is a partition in S
+ m,t with the largest size.
Step 1. We claim that n i (λ) = 0 or m for 1 ≤ i ≤ t − 1. Otherwise, suppose that there exists some i such that 1 ≤ n i (λ) ≤ m − 1. We define
and
Then, Theorem 3.1 implies that λ ′ and λ ′′ are also in S + m,t . By (2.2) or (2.1) we have
Putting these two equalities together yields
This contradicts the assumption that λ is a partition in S + m,t with the largest size. Then the claim holds.
Step 2. By Step 1 we have n i = 0 or m for any 1 ≤ i ≤ t − 1. Let
Since λ has the largest size in S + m,t , we know that I = {t + 1 − 2j : 1 ≤ j ≤ r} for some integer 1 ≤ r ≤ ⌊t/2⌋. Let λ k be the partition in S + m,t such that n i (λ k ) = m if i = t + 1 − 2j for some 1 ≤ j ≤ k; and n i (λ k ) = 0 otherwise. Then, λ ∈ {λ r : 1 ≤ r ≤ ⌊t/2⌋}.
Step 3. By (2.2) the size of λ r is
Case 1: When t ≡ 1 (mod 2) and t ≤ m + 3, we have
This means that {α m,t (1)} < 1/2 since (t − 1)/2 ∈ N. Notice that 1 ≤ r ≤ (t − 1)/2. Then λ r has the largest size in S + m,t if and only if
Case 2: When t ≡ 0 (mod 2) or t > m + 3, we have
Notice that 1 ≤ r ≤ ⌊t/2⌋. Then λ r has the largest size in S + m,t if and only if
Finally Theorem 1.1 holds by the above two cases.
4. Largest size of (t, mt − 1)-core partitions with distinct parts Let S − m,t be the set of (t, mt − 1)-core partitions with distinct parts, and C − m,t be the set of all sequences (x 1 , x 2 , . . . ,
For each λ ∈ S − m,t , let ϕ(λ) := (n 1 (λ), n 2 (λ), . . . , n t−1 (λ)). Proof. Let λ ∈ S − m,t . By Lemma 2.1(2) we have mt, mt − 1 / ∈ β(λ). If x ∈ β(λ) with x ≥ mt + 1, we know x − mt, x − (mt − 1) ∈ β(λ) by Lemma 2.1(2). But by Lemma 2.2 this is impossible since λ is a partition with distinct parts. Then, we know x / ∈ β(λ) and thus β(λ) must be a subset of {1, 2, . . . , mt − 2}. Therefore, 0 ≤ n i (λ) ≤ m for any 1 ≤ i ≤ t − 2 and 0 ≤ n t−1 (λ) ≤ m − 1. Furthermore, by Lemma 2.2 we have i and i + 1 can not be in β(λ) at the same time, which means that n i (λ)n i+1 (λ) = 0 for any 1 ≤ i ≤ t − 2. By the above arguments we have ϕ(λ) ∈ C − m,t for any
On the other hand, for any (x 1 , x 2 , . . . , x t−1 ) ∈ C − m,t , let λ be the partition with the β-set
Then Lemmas 2.1(2) and 2.2 imply λ ∈ S − m,t and ϕ(λ) = (x 1 , x 2 , . . . , x t−1 ). Therefore, ϕ is a bijection between the sets S Step 1. We claim that n t−1 (λ) = 0 or m − 1, and n i (λ) = 0 or m for 1 ≤ i ≤ t − 2. Otherwise, assume that 1 ≤ n t−1 (λ) ≤ m − 2 (in this case, let i = t − 1) or there exists some 1 ≤ i ≤ t − 2 such that 1 ≤ n i (λ) ≤ m − 1. We define
Then, Theorem 4.1 implies that λ ′ and λ ′′ are also in S − m,t . By (2.2) or (2.1) we have
This contradicts the assumption that λ is a partition in S − m,t with the largest size. Then the claim holds.
Step 2. By Step 1 we obtain n t−1 (λ) = 0 or m − 1, and n i (λ) = 0 or m for 1 ≤ i ≤ t − 2. Let
Since λ has the largest size in S − m,t , we know that I = {t+1−2j : 1 ≤ j ≤ r} for some 1 ≤ r ≤ ⌊t/2⌋ or {t − 2j : 1 ≤ j ≤ s} for some 1 ≤ s ≤ ⌊(t − 1)/2⌋. Let λ r (1 ≤ r ≤ ⌊t/2⌋) and µ s (1 ≤ s ≤ ⌊(t − 1)/2⌋) be the partitions such that
otherwise.
Then λ ∈ {λ r : 1 ≤ r ≤ ⌊t/2⌋} ∪ {µ s : 1 ≤ s ≤ ⌊(t − 1)/2⌋}.
Step 3. When t = 2, we have ⌊t/2⌋ = 1 and ⌊(t−1)/2⌋ = 0, therefore by Step 2 the partition λ 1 is the only partition in S Step 4. Next we assume that t ≥ 4 and m ≥ 2. By (2.2), the size of λ r is
When t ≡ 1 (mod 2) and t ≤ m + 5, we have
When t ≡ 0 (mod 2) or t > m + 5, we have Notice that 1 ≤ s ≤ (t − 1)/2. Then, µ s has the largest size in {µ s : 1 ≤ s ≤ ⌊(t − 1)/2⌋} if and only if
Case 2: When t ≡ 1 (mod 2) and t > m + 1, we have Case 3: When t ≡ 0 (mod 2) and t ≤ 2m + 3, we have α m,t (−1) = t − 2 2 + 2m − t + 3 2(m + 2) ≥ t − 2 2 .
Notice that 1 ≤ s ≤ (t − 2)/2. Then µ s has the largest size in {µ s : 1 ≤ s ≤ ⌊(t − 1)/2⌋} if and only if
Case 4: When t ≡ 0 (mod 2) and t > 2m + 3, we have Step 5. By Step 4, we obtain the following results for t ≥ 4 and m ≥ 2.
